We present the particular case of the Stephani solution for shear-free perfect fluid with uniform energy density and non-uniform pressure. Such models appeared as possible alternative to the consideration of the exotic forms of matter like dark energy that would cause the acceleration of the universe expansion. These models are characterised by the spatial curvature depending on time. We analyze the properties of the cosmological model obtained on the basis of exact solution of the Stephani class and adopt it to the recent observational data. The spatial geometry of the model is investigated. We show that despite possible singularities, the model can describe the current stage of the universe evolution.
INTRODUCTION
Although ΛCDM model, based on the Friedmann solution, is most popular for explanation of the observed cosmological acceleration, it faces some fundamental problems, like the problem of "dark energy" and the coincidence problem (Weinberg 1989) . Thus different attempts to find a possible alternative in this regard arise. The consideration of the inhomogeneous cosmological models is among them. The Stephani solution (Stephani 1967) has drawn attention of cosmologists so long as it allows to build the model of the universe with accelerated expansion (Dabrowski & Hendry 1998; Stelmach & Szydlowski 2004; Stelmach & Jakacka 2008; Balcerzak, Dabrowski & Denkiewicz 2015; Ong et al. 2018) . This is a non-static solution for the expanding perfect fluid with zero shear and rotation, which contains the known Friedmann solution as a particular case. The Stephani solution was discussed much in the literature (see e.g. (Krasinski 1983; Sussman 1987 Sussman , 1988a Sussman ,b, 2000 Dabrowski 1993; Korkina, Kopteva & Egurnov 2016; Ong et al. 2018 ) and references therein). Originally it has no symmetries, but the special case of spherical symmetry is of particular interest in cosmology. It is known that spatial sections of the Stephani space-time in this case have the same geometry as if they were subspaces of the Friedmann solution. Therefore these models may have an intuitively clear interpretation being in close connection with the Friedmann ones. The spatial curvature in the Stephani cosmological models is arbitrary function of time. This very property allows to obtain the appropriate behaviour of the cosmological acceleration.
According to our knowledge only a few of the cosmological models based on the Stephani solution were studied concerning their correspondence to the observational data.
In present work, we consider a rather general case of this solution restricted by the choice of the energy density in the same form as for the Friedmann dust. We analyze the properties of the resulting cosmological model and its applicability to the description of the current stage of the universe evolution.
The paper is organized as follows. In Sec. 2 we introduce the special case of the Stephani solution for our model and fit it to the current values of the cosmological parameters. The geometry of the spatial part of the obtained solution is explored in Sec. 3. In Sec. 4 we investigate the dynamics of the universe evolution in our model, build the R-T-regions for the resulting space-time and discuss singularities of the model. In Sec. 5 we consider the cosmological implications of our model. The conclusions are presented in Sec. 6.
SPECIAL CASE OF THE STEPHANI SOLUTION
It is known that for the perfect fluid described by 4-velocity vector field u α there exist four main kinematic characteristics (see e.g. (Stephani et al. 2003) ), which are the accelerationu α , the volume expansion Θ, the rotation ω αβ and the shear σ αβ . These parameters are defined as follows:
where h αβ is the projection tensor, greek indexes run from 0 to 3, square/round brackets standardly mean antisymmetryzation/symmetryzation by corresponded indexes. Here and further in the paper dot means the partial derivative with respect to time and the geometric units are used where c ≡ 1, 8πG ≡ 1. The Stephani solution is the solution of the Einstein equations for the universe filled with perfect fluid with zero shear and rotation. It is usually written in comoving coordinates in which 4-velocity of fluid particles has the following components: u 0 = 1/ √ g 00 , u i = 0, i = 1, 2, 3. In commonly used notations the Stephani solution in the case of spherical symmetry has the form (Krasinski 1983) 
where dσ 2 is the usual metric on the unit 2-sphere and
The energy density is uniform and given by
The function k(t) is defined by the expression
and corresponds to the curvature parameter, which in the Friedmann solution is constant normalizable to 0, ±1. Here C(t), F (t), R(t) are arbitrary functions. By use of the following relations
the metric (5) may be rewritten in the form
which we shall use in further consideration as more convenient for our purposes. Here
where ζ(t), ψ(t) and ε(t) are arbitrary functions, a(t) is the function related to the scale factor of the Friedmann solution.
According to the Einstein equations the pressure is defined by the expression
It is clear that the pressure is non-uniform in the Stephani solution.
The function ζ(t) is the spatial curvature. It is easy to verify that the scalar curvature R of the spatial sections t = const of the metric (14) is R = 6ζ(t) and the Kretschmann invariant in this 3-dimensional case is K = R αβµν R αβµν = 12ζ 2 (t). As far as t = const, one obtains the subspace of everywhere constant curvature. It is from here that the identity for the spatial geometries of the Stephani and the Friedmann solutions follows.
Further in this article we sometimes omit the variable of the function provided it will not cause the confusion.
As it can be deduced from the following consideration, the equation (16) is a generalization of the known Friedmann equationȧ
where k = 0, ±1, the factor 1/3 in (16) is left out because of the arbitrariness of ε(t).
The function ψ(t) turns out to be connected with the Hubble parameter H. In the case of inhomogeneous cosmological model, the definition of the Hubble parameter should be generalized as it depends both on the time and spatial position. We shall use the generalization introduced by (Ellis 2009):
where l is some "representative" length that corresponds to the scale factor a(t) in the Friedmann models, and τ is the proper time given in the standard way by dτ = √ g 00 dt.
Due to the definition of the comoving coordinates, we obtain for the metric (14) from the expression (1)
From (19) and (21)it follows that H = ψ.
If ζ = 0, then (14) is a parabolic type of the Friedmann solution and it follows from the eq. (16) that the function ψ 2 attains the sense of the critical energy density ε cr = 3H 2 which is also in accordance with (22). For the parabolic Friedmann solution we have r = a(t), g 00 =ṙ 2 r 2 ψ 2 = 1 ⇒ g 00 =ȧ 2 a 2 ψ 2 = 1,
then for the function ψ(t) it follows that
Thus for the appropriate transition to the Friedmann limit in the metric (14) one should choose ψ(t) in the form (24).
The model of the universe with the accelerated expansion
We now define our model of the universe with the accelerated expansion based on the mentioned particular case of the Stephani solution.
We suppose the universe to be filled everywhere with the expanding shear-free perfect fluid with uniform energy density ε = ε(t) and non-uniform pressure p = p(χ, t).
Let us start from the general Stephani metric in comoving coordinates written with conformally flat spatial part
where
As discussed above, the main equation that governs the evolution of the model readṡ
From here and (18) it evidently follows that the Stephani models with ζ = ±1/a 2 , 0 are the Friedmann models.
The appropriate choice of the spatial coordinate transformation brings the spatial part of the metric (25) to one of the following forms
For our description we shall choose the case (30) implying the space-time metric
The energy density is chosen the same as for the Friedmann dust:
a 0 = const = a(t 0 ), where t 0 corresponds to the current moment of time (our time). We take the spatial curvature in the form
where k = const, β = const < 0, that means that the spatial curvature is negative everywhere in the universe. Such expression for the spatial curvature is induced by the form of the Friedmann equation (18) which may contain the sum of energy densities of several non-interacting sources. In the Friedmann models the energy density for all known components of matter (including those with negative pressure) is expressed in terms of scale factor raised to the correspondent power. The models known in the literature are mostly the particular cases of (34) with fixed value of k ( (Dabrowski 1995) , (Dabrowski & Hendry 1998) Model I: k = −1, Model II: k = 1, (Stelmach & Jakacka 2008; Stelmach & Szydlowski 2004) : k = −1, (Ong et al. 2018) , (Gregoris et al. 2019 
Slightly different discussion of the models with unfixed k is presented in (Sussman 2000; Hashemi et al. 2014) in the frame of investigation of the Stephani universes with physically meaningful equations of state of matter.
We carry out our consideration without fixing k but figuring out the range of its values that correspond to the right behavior of the universe acceleration.
The pressure in the model according to (17), (33) and (34) reads
We now express some cosmological parameters in terms of χ and a(t), which will somehow parametrize the time coordinate. In this part we restore the dimensions as far as we are going to put the numeric parameters of the model (a 0 , β, k) in accordance with the observational data.
1. The Hubble parameter From (27) 
and hence
2. Matter density parameter
3. The radius of the universe at present time r 0
Taking ζ(t) from (34) one obtains
Using this relation it is possible to find the value of the coordinate χ 0 corresponding to the current size of the universe: r(χ 0 , t 0 ) = r 0 . 4. Deceleration parameter q. We take the general definition of the deceleration parameter according to (Ellis 2009)
From (19), (22) and (24) 
Finally for the deceleration parameter there is
or in the explicit form due to (37):
It is clear that the expression (45) in the Friedmann limit (r = a) turns to the right form for the deceleration parameter in Friedman models: q = −ä ȧ a 2 .
Estimation of the model constants with respect to the observational data
In this subsection we introduce the comparison of some observable parameters from previous subsection with their values obtained within standard cosmological model.
The current values of cosmological parameters obtained within ΛCDM model (or FLRW model with nonzero curvature) may be found in (Hinshaw, G. et al. 2013) . We shall assume the following numbers:
H 0 = 2 × 10 −18 s −1 , Ω m = 0.3, r 0 ≈ 4, 4 × 10 26 m.
According to this data due to (37) and (38), the constants of our model (a 0 , β, χ 0 ) related to the current moment of time can be defined as follows:
a 0 = 1.58 × 10 26 m,
Singularities of the model
It was also widely discussed (Sussman 1988b; Krasinski 1983; Dabrowski & Hendry 1998 ) that the Stephani models contain some special singularities that should be taken into account if one intends to build a cosmological model. In our case the model contains three true singularities.
1. The initial singularity: a(t) = 0 ⇒ r = 0, ε → ∞, p → ∞.
2. The singularity arising from g 11 :
3. The singularity arising from the expression for pressure p:
In the case of k = −1 the singularity points (54) The spherically symmetric metric written in general form
can locally be brought to the view
by coordinate transformation preserving the spherical symmetry:
At the vicinity of a taken point two main situations are possible. First one is the case when the world linex = const, θ = const, ϕ = const is time-like. In this casex is the spatial coordinate, and the following inequality holds for the general metric (55)
Here dx/dt is found from the equationsx 2 = r 2 (t, x) = const, regarding the invariance of g 22 and g 33 under the transformation (57). The points for which the inequality (58) is satisfied are called R-points. They form the R-region of the space-time with usual properties of the world and observers.
The second case is when the world linex = const, θ = const, ϕ = const is space-like. In this casex cannot be the spatial coordinate, thus in the metric (56), coordinatesx andt "change" their roles (it is implied, that the functions A(t,x) and B(t,x) have the needed signs). In this case the following inequality holds for the general metric (55)
The points for which the inequality (59) is satisfied are called T-points. They form the T-region of essential instability where static observer is impossible. The strict equality
defines the boundary between R-and T-regions of the space-time, known as horizon.
Regarding the conditionx 2 = r 2 (t, x) = const we rewrite (65) as follows
This will be referred to as the horizon equation. The prime here means the partial derivative with respect to the spatial coordinate x. The coordinate condition (61) may also be expressed in terms of the so-called mass function (Korkina & Kopteva 2012) , which for the metric (55) reads
The horizon equation then transforms to m = r.
For the metric (25), regarding (32) and (36), the mass function takes the form
The horizon equation (63) then gives the following expressions for two branches of the horizon
3. GEOMETRY
In this section we investigate the spatial geometry of the obtained solution. To build the spatial sections of the space-time with metric (31) we fix the time at present moment t = t 0 = const that yields a = a 0 = const in the formulae. To make it possible to visualize the 3-dimensional hypersurface we also fix θ = π/2. Applying these conditions to (31) we obtain the intrinsic metric of the hypersurface of our interest in the following form
By use of a new coordinate ρ = √ |β| 2 χ the metric (66) can be rewritten in more familiar way
This is a metric of the pseudo-sphere in terms of the stereographic projection coordinates (see e.g. (Dubrovin 1992) ) accurate within the similarity transformation with constant factor a 2 0 /|β|. This stereographic projection maps the upper half of the pseudo-sphere represented by the hyperboloid of revolution onto the open disk ρ 2 = x 2 + y 2 < 1 on the plane z = 0 as shown at Figure 1 . Such a disk equipped with normalized metric (67) (so that a 2 0 /|β| = 1) refers to the Poincare model of Lobachevsky geometry. It is seen that the spatial sections of the interval (31) are the Lobachevsky spaces. Figure 1 demonstrates the form of the spatial hypersurface of the universe within our model as an instantaneous snapshot at present moment of time, corresponding to the line T = 1 at Fig. 2,3 . To restore the 3-dimensional picture from Fig. 1 one should imagine that the circles of the sections z = const are in fact 2-spheres.
UNIVERSE EVOLUTION IN THE MODEL
To investigate the evolution of the universe in the obtained model we consider an observer situated close to the symmetry center χ = 0, who observes the dynamics of the infinite number of the concentric spheres marked by successive values of χ. The velocity of the expansion of some sphere χ may be found as follows
Using the results obtained in Sec. 2, we now build the universe expansion velocity profile found from (68) and the deceleration parameter given by (46) . Further in our discussion we shall use the dimensionless function
which will be treated as time parameter. The differentiation with respect to the time will be carried out taking into account that according to (36)
(70) Figure 2 shows the universe expansion velocity profile in the model in terms of dimensionless units, where the time parameter T is given by (69). The concrete values of the index k are chosen only for illustrative purposes, with decreasing of k the picture qualitatively remains the same. The point of intersection of the lines T = 1 and r = r 0 defines the coordinate χ 0 that indicates the sphere of radius r 0 corresponding to the edge of the universe. It is seen that at present time the boundary of the universe belongs to the region of non-stationarity and expands with the velocity exceeding the speed of light as it is in standard Friedmann model. The central observer always belongs to the R-region of permitted observers. It is also seen that the universe does not reach the singularity given by (53) up to its present age, and the singularity cannot be observed according to the causality principle. Figure 3 shows the behaviour of the deceleration parameter of the model. This profile is not affected by the singularity. For k < −2 there exists the line of zero deceleration parameter q = 0. Hence one could expect that after some time the acceleration of the universe expansion changes into deceleration. However, even from the velocity profile (Fig. 2) it is clear that there is no deceleration in the future. It may be verified by direct calculations using (68) that the function dv(t, χ)/dt changes its sign only once, from negative to positive. Thus, we conclude that in our model, unlike the Friedmann models, there is no correlation between the signs of the deceleration parameter and the acceleration of the universe expansion.
REDSHIFT-MAGNITUDE RELATION IN THE MODEL
The advantage of the classical redshift-magnitude test is the sensitivity of the relation between the apparent magnitude and the redshift of the source to the cosmological model. In this section we compare the observational results concerning the redshift-magnitude relation for Supernovae type Ia with the theoretical predictions of our model. In this regard we shall use the Hubble diagram of distance moduli and redshifts for HST-discovered SNe Ia in the gold and silver sets represented at (Riess et al. 2004 ). Figure 2 . The universe expansion velocity profile for k = −1.2 (left side) and k = −2.2 (right side) in dimensionless units. The observer is situated in the center χ = 0. The line T = 1 corresponds to the current moment of time t = t 0 . The line r = r 0 is the line along which the radius of the universe equals to its current size found from the observations. The line v = 1 defines the Hubble sphere that expands with speed of light. The green line shows the "visible" branch of the horizon. The second branch lies behind the singularity. T-region of essential non-stationarity is situated between two branches of the horizon. R-region corresponding to our world, lies under the "visible" branch of the horizon.
The redshift-magnitude relation for the inhomogeneous Stephani model was derived first and studied in (Dabrowski 1995) , (Dabrowski & Hendry 1998) for two special cases near the observer position. Further, it was developed numerically by (Stelmach & Jakacka 2008) for one of these cases, but higher redshifts.
For our model we derive the redshift-magnitude relation in terms of distance modulus analytically without any supposition about values of the redshift.
The distance modulus within cosmological scales (Mpc) is defined by (see e.g. (Ellis 2009))
where z is the redshift, m(z) is the apparent bolometric magnitude of a standard candle whose absolute bolometric magnitude is M; d L (z) is the luminosity distance to the source
This relation holds rather general and does not depend on metric choice. Here r c (z) is comoving distance to the source by apparent size, which in our case is usual comoving radial distance given by (Celerier 2000) r c (t, χ) = r(t, χ)χ = a 0 T χ The general definition for the redshift in any cosmological model reads (Ellis 2009)
where u α = dx α /ds is usual 4-velocity of the cosmological medium and κ α = dx α /dλ is a vector tangent to the correspondent null-geodesic with affine parameter λ, i.e. the solution of the geodesic equations for the photon. Indexes 'emitter' and 'observer' mean that the quantity should be calculated at the correspondent position. Applying these definitions to the interval (31) we shall act according to the following plan:
1. Solving the geodesic equations for the photon radial motion we obtain κ α .
2. Taking into account the fact that in comoving system the only nonzero component of the 4velocity is u 0 = 1/ √ g 00 , we find the expression for the redshift in terms of the time and spatial coordinate.
3. Using previous results, we compose the distance modulus µ as a function of T and χ, according to (71)-(73). Thus we obtain the two-parametric area µ −z with T and χ being the parameters.
4. Then we use the condition that for any time t there exists only one possible coordinate χ such that the light being emitted from the point (t, χ) will be received by the observer at the point (t = t 0 , χ = 0). This is expressed in the following equation
which in our notations (69),(70) gives 1 T a 0 g 00 (T, χ)
5. Then we plot the numerical solution of the equation (76) as the line T (χ) at the two-parametric diagram µ(T, χ) − z(T, χ). As a result we obtain the theoretical prediction for the redshiftmagnitude relation in our model and compare it with observational data from (Riess et al. 2004 ).
The geodesic equations for the interval (31) in case of the photon radial motion read
The metric coefficients in the interval (31) have the following explicit form:
Putting κ 0 from (79) into (77) and taking into account that κ 0 = dχ/dλ, we obtain the differential equation with separable variables and integrate it with a result
and hence due to (79)
In our model the observer occupies the position χ = 0 and receives the signal at present time T = 1. Thus we obtain for the redshift 1 + z = κ 0 u 0 κ 0 u 0 | χ=0,T =1 = T 1+k 1 − T −k |β| χ (84) Figure 4 . The redshift-magnitude relation in terms of distance modulus with overplotted data for HSTdiscovered SNe Ia in the gold and silver sets taken from (Riess et al. 2004 ). The blue curve is the best-fit obtained by these authors in frame of the standard ΛCDM model with H 0 = 66, 9 km/sec/Mpc, Ω m = 0.29, Ω Λ = 0.71. The red line is the best-fit found within the Stephani model with respect to the current time parameter T = 1.13, curvature parameters: β = −0.1, k = −1.01, the Hubble constant current value H 0 = 65.5642 km/sec/Mpc. Now we have everything to plot the Hubble diagram for our model. The Fig. 4 shows the redshiftmagnitude dependence in terms of the distance modulus (71) with overplotted data taken from (Riess et al. 2004) . It is seen that even in this particular case without concretizing the form of the function a(t) the Stephani model can in principle give an adequate interpretation of the observational data.
CONCLUSIONS
In this work, a particular case of the Stephani solution was investigated as possible model of the universe with accelerated expansion. The R-T-structure of the obtained space-time was built, and it was shown that the central observer belongs to the R-region of permitted observers. In this model the boundary of the observable universe belongs to the T-region and expands with velocity exceeding the speed of light, as it is in standard Friedmann model. The correlation between the signs of the deceleration parameter and the acceleration of the universe expansion is absent in this model.
It is shown that the spatial sections of the universe are the Lobachevsky spaces. It turned out that the form of spatial section taken at present moment of time does not depend on the power of a(t) in curvature function ζ(t).
It was established that the theoretical prediction for the redshift-magnitude relation in our model is in good accordance with type Ia Supernovae observational data.
The obtained results serve as an evidence in favour of the possibility that our world in principle may be described by such model up to its recent stage without any harm from existing singularities.
